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TEMPERED CURRENTS AND THE COHOMOLOGY OF THE
REMOTE FIBER OF A REAL POLYNOMIAL MAP
ALEXANDER BRAVERMAN AND MAXIM BRAVERMAN
Abstract. Let p : Rn → R be a polynomial map. Consider the complex S ′Ω•(Rn) of
tempered currents on Rn with the twisted differential dp = d − dp where d is the usual
exterior differential and dp stands for the exterior multiplication by dp. Let t ∈ R and
let Ft = p
−1(t). In this paper we prove that the reduced cohomology H˜k(Ft;C) of Ft
is isomorphic to Hk+1(S ′Ω•(Rn), dp) in the case when p is homogeneous and t is any
positive real number. We conjecture that this isomorphism holds for any polynomial
p, for t large enough (we call the Ft for t ≫ 0 the remote fiber of p) and we prove this
conjecture for polynomials that satisfy certain technical condition (cf. Theorem 1.9). The
result is analogous to that of A. Dimca and M. Saito ([2]), who give a similar (algebraic)
way to compute the reduced cohomology of the generic fiber of a complex polynomial.
1. Introduction
1.1. The Dimca-Saito theorem. Let p : Cn → C be a complex polynomial. Let F
denote the generic fiber of p (it is well-defined as a topological space). In [2], A. Dimca
and M. Saito have given the following algebraic way to compute the cohomology of F .
Let Ω• denote the De Rham algebra of polynomial differential forms on Cn. Define a
differential dp on Ω
• by
dp(ω) = dω − dp ∧ ω
Theorem 1.2 (Dimca-Saito). There exists an isomorphism
Hk+1(Ω•, dp) ≃ H˜
k(F,C) for k = 0, 1, . . . , n− 1
where H˜•(F,C) denotes the reduced cohomology of F with coefficients in C.
1.3. The main result. The main purpose of this paper is to describe certain real ana-
logue of Theorem 1.2. Namely, let now p : Rn → R be a real polynomial. Then (cf. [4])
the topological type of the fiber Ft = p
−1(t) does not depend upon t provided t is large
enough. We shall refer to Ft as to remote fiber of p and we shall be interested in the
cohomology of Ft.
Let O := C [x1, . . . , xn] denote the ring of complex polynomials on R
n and let S ′(Rn)
denote the O module of tempered complex valued distributions on Rn. Let Ω• be the
complex of global algebraic differential forms on Rn. Consider the space
S ′Ω•(Rn) = S ′(Rn)⊗O Ω
•
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of tempered currents and define a differential dp : S
′Ω•(Rn) → S ′Ω•+1(Rn) on S ′Ω•(Rn)
by
dp(ω) = dω − dp ∧ ω for ω ∈ S
′Ω•(Rn).
In this paper we discuss the following
Conjecture 1.4. For any real polynomial p : Rn → R the following isomorphism holds:
Hk+1(S ′Ω•(Rn), dp) = H˜
k(Ft;C), k = 0, 1, . . . , n− 1 (1.1)
where H˜ denotes reduced cohomology.
In particular, we prove the following
Theorem 1.5. Assume that p : Rn → R is a homogeneous polynomial map of degree m,
i.e. p(sx) = smp(x) for any x ∈ Rn, s ∈ R. For any t > 0, the isomorphism (1.1) holds.
Remark 1.6. a) By definition, the reduced cohomology of any topological space X is the
cohomology of the complex
0→ C
ε
−−−→ H0(X ;C)
0
−−−→ · · ·
0
−−−→ Hk(X ;C)→ · · ·
where ε = 0 if X is empty and ε is the natural map C = H0(pt;C) → H0(X ;C) coming
from the projection X → pt otherwise. Therefore in the case when X is empty one should
have H˜−1(X ;C) = C (but H˜−1(X ;C) = 0 if X contains at least one point). With this
convention, Theorem 1.5 remains true also for k = −1.
b) Note that if instead of the complex S ′Ω•(Rn) we considered the complex of all
currents with the same differential dp, then we would get a complex quasi-isomorphic to
the usual complex of currents on Rn with the ordinary exterior differential d (since d and
dp are conjugate to one another by means of the function e
p). Therefore if we do not
impose any growth conditions on our currents we will not get any interesting cohomology.
1.7. Sketch of the proof. Step 1. Let Ut = {x ∈ R
n : p(x) > t} (note that
Ut might be empty). Then, Ut is diffeomorphic to the product Ft × (0,∞), for any
t > 0. Using the long cohomological sequence of the pair (Rn, Ut) one can easily see that
H˜k−1(Ft,C) = H
k(Rn, Ut;C).
Step 2. Let D′Ω•(Ut) denote the complex of all currents on Ut. In Section 2.2 we define
certain subcomplex S ′Ω•(Ut) of D
′Ω•(Ut) (the complex of tempered currents on Ut) and
prove that its natural inclusion into D′Ω•(Ut) is a quasi-isomorphism.
Step 3. Let D′Ω•(Rn) denote the complex of all currents on Rn. Let θ(s) be a smooth
function on R, such that θ(s) = s for s < 1 and θ(s) = 0 for s > 2. Define p˜ : Rn → R
by p˜(x) = θ(p(x)). Let S ′pΩ
•(Rn) denote the space of all currents ω on Rn, such that
ep˜ω ∈ S ′Ω•(Rn). Then we show in Lemma 2.6 that S ′pΩ
•(Rn) is a subcomplex of D′Ω•(Rn)
and the natural embedding S ′pΩ
•(Rn) →֒ D′Ω•(Rn) is a quasi-isomorphism.
Let now ρ denote the natural map from S ′pΩ
•(Rn) to S ′Ω•(Ut) (restriction to Ut). It
follows from step 2 and from the above statement that the complex
Cone•(ρ) = S ′pΩ
•(Rn)⊕ S ′Ω•−1(Ut)
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computes the relative cohomology H•(Rn, Ut;C).
Step 4. The map Φ1 : ω → e
−pω defines a morphism of complexes S ′Ω•(Rn) →
S ′pΩ
•(Rn). Moreover, every element in the image of Φ1 is rapidly decreasing along the
rays Rx =
{
sx : s > 0
}
, for any x ∈ Ft. This enables us to extend Φ1 to an explicit map
Φ : S ′Ω•(Rn)→ Cone•(ρ). In order to do that we need the following notations.
Let µs : R
n → Rn denote the multiplication by s and let µ∗s : D
′Ω•(Rn) → D′Ω•(Rn)
be the corresponding pull-back map.
Consider the Euler vector fieldR =
∑n
i=1 xi
∂
∂xi
on Rn and let ιR, LR denote the interior
multiplication by R and the Lie derivative along R. Then
d
ds
µ∗s(ω) = µ
∗
s
(
LRω
)
s−1 for any ω ∈ D′Ω•(Rn). (1.2)
We define the map Φ : S ′Ω•(Rn)→ Cone•(ρ) = S ′pΩ
•(Rn)⊕S ′Ω•−1(Ut) by the formula
Φ : ω 7→
(
Φ1ω,Φ2ω
)
=
(
e−pω, −
∫ ∞
1
µ∗s(e
−pιRω)
ds
s
)
. (1.3)
The integral in (1.3) converges since e−p(sx) decreases exponentially in s as s tends to
infinity. One uses (1.3) to show that Φ commutes with differentials.
Finally we prove by an explicit calculation that Φ is a quasi-isomorphism. Therefore
S ′Ω•(Rn) computes H•(Rn, Ut;C), which is isomorphic to H˜
•−1(Ft,C) by step 1.
1.8. The general case. Let now p : Rn → R be an arbitrary polynomial. Set v = ∇p
|∇p|2
.
Then the Lie derivative of p along v is equal to 1. In the Appendix we show that the flow
of v is globally defined on Ut if t is large enough. We denote this flow by gs : Ut → Ut
and let g∗s : D
′Ω•(Ut) → D
′Ω•(Ut) be the corresponding pull-back of currents. Then
g∗s(p) = p+ s. In particular, we obtain a new proof of topological equivalence of the fibers
Ft with t≫ 0.
Denote
v˜ = pv
and let ιv˜, Lv˜ denote the interior multiplication by v˜ and the Lie derivative along v˜. The
flow g˜s of v˜ is defined on Ut, t ≫ 0. The flow g˜s and the vector field v˜ are connected by
the formula
d
ds
g˜∗s(ω) = g˜
∗
s
(
Lv˜ω
)
for any ω ∈ D′Ω•(Rn),
which is similar to (1.2) (if p is a homogeneous polynomial of degree m then µs = gm ln s).
One can easily check that g˜∗s(p) = e
sp.
One can try to define a map Φ : S ′Ω•(Rn)→ Cone•(ρ) by formula
Φ : ω 7→
(
Φ1ω,Φ2ω
)
=
(
e−pω, −
∫ ∞
1
g˜∗s(e
−pιv˜ω) ds
)
,
similar to (1.3). The only problem here is that we were not able to prove that the
integral in the definition of Φ2 converges to a tempered current. However, if the map Φ2 :
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S ′Ω•(Rn)→ S ′Ω•−1(Rn) is well defined a verbatim repetition of the proof of Theorem 1.5
gives the following
Theorem 1.9. Suppose that p : Rn → R is a real polynomial and g˜s, s > 0 is a one-
parameter semigroup of diffeomorphisms Ut → Ut such that g˜
∗
s(p) = e
msp. Let v˜ =
d
ds |s=0
gs. If for any tempered current ω the integral∫ ∞
1
g˜∗s(e
−pιv˜ω) ds
converges to a tempered current, then the isomorphism (1.1) holds.
1.10. Example. Consider the polynomial of two variables p(x, y) = x2−x−y. Set U0 ={
(x, y) ∈ R2 : p(x, y) > 0
}
and define a one parameter semigroup gs of diffeomorphisms
of U0 by the formula
gs(x, y) =
(
es/2x, esx− es/2x+ esy
)
.
Then g∗sp = e
sp. Clearly, all other conditions of Theorem 1.9 are satisfied. Hence, the
isomorphism (1.1) holds for p(x, y).
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2. Complexes of Currents
In this section we review some facts about complexes of currents which will be used in
the proof of Theorem 1.5.
Let p : Rn → R be a homogeneous polynomial map of degree m, i.e. p(sx) = smp(x).
Let Ut =
{
x ∈ Rn : p(x) > t
}
, where t ∈ R.
2.1. The complex of currents. By Ω•c(Ut) we denote the De Rham complex of com-
pactly supported complex valued C∞-forms on Ut. The cohomology of Ω
•
c(Ut) is called
the compactly supported cohomology of Ut.
Recall that if 0→ C0
d
→ C1
d
→ · · ·
d
→ Cn → 0 is a complex of topological vector spaces
then the dual complex to (C•, d) is, by definition, the complex
0→ (Cn)∗
d∗
−−−→ (Cn−1)∗
d∗
−−−→ · · ·
d∗
−−−→ (C0)∗ → 0,
where (C i)∗ denotes the topological dual of the space C i and d∗ denotes the adjoint
operator of d.
The complex of currents D′Ω•(Ut) on Ut is the complex dual to Ω
•
c(Ut). By the Poincare´
duality for non-compact manifolds (cf. [1]), the cohomology of D′Ω•(Ut) is equal to the
cohomology of Ut.
Analogously, one defines the complex D′Ω•(Rn) of currents on Rn.
THE COHOMOLOGY OF THE REMOTE FIBER OF A REAL POLYNOMIAL MAP 5
Let r : D′Ω•(Rn) → D′Ω•(Ut) be the restriction. Recall that the cone Cone
•(r) of r is
the complex
Cone•(r) = D′Ω•(Rn)⊕D′Ω•−1(Ut), d : (ω, α) 7→ (dω, ω − dα).
The cohomology of Cone•(r) is equal to the relative cohomology H•(Rn, V ;C) of the pair
(Rn, V ).
2.2. The complex of tempered currents. The space S(Rn) of Schwartz (rapidly de-
creasing) functions on Rn is the set of all φ ∈ C∞(Rn) such that for any linear differential
operator L : C∞(Rn)→ C∞(Rn) with polynomial coefficients
sup
x∈Rn
|Lφ(x)| <∞. (2.1)
The topology in S(Rn) defined by the semi-norms in the left-hand side of (2.1) makes
S(Rn) a Fre´chet space.
Recall that by Ω• we denote the De Rham complex of global algebraic differential forms
on Rn. The complex of Schwartz forms on Rn is the complex
SΩ•(Rn) = S(Rn)⊗O Ω
•
with natural differential. By the complex of Schwartz forms on Ut we will understand the
subcomplex of SΩ•(Rn) consisting of the forms ω such that there exists a real number
ε = ε(ω) such that the support of ω lies in Ut+ε.
The complex S ′Ω•(Rn) of tempered currents on Rn is, by definition, the dual complex to
SΩ•(Rn). Similarly, the complex S ′Ω•(Ut) of tempered currents on Ut is, the dual complex
to SΩ•(Ut).
Lemma 2.3. For any t1 > t2 > 0 the natural map i : S
′Ω•(Ut2) → S
′Ω•(Ut1) is a
homotopy equivalence of complexes.
Proof. Let µs : R
n → Rn denote the multiplication by s and let µ∗s : D
′Ω•(Rn) →
D′Ω•(Rn) be the corresponding pull-back map. Clearly, µ∗s preserves the space of tempered
currents.
Set τ = (t1/t2)
1/m. Then µτ (Ut2) = Ut1 . In particular, we can consider µ
∗
τ as a map
from SΩ•(Ut1) to SΩ
•(Ut2). To prove the lemma we will show that µ
∗
τ is a homotopy
inverse of i.
Consider the Euler vector field
R =
n∑
i=1
xi
∂
∂xi
on Rn and let ιR, LR denote the interior multiplication by R and the Lie derivative along
R. Then
d
ds
µ∗s(ω) = µ
∗
s
(
LRω
)
s−1 for any ω ∈ D′Ω•(Rn). (2.2)
Note that if ω is a tempered current so are ιRω and LRω.
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For any current ω, set
Hω =
∫ τ
1
µ∗s(ιRω)
ds
s
.
The operators µ∗s and ιR preserve the space of tempered currents. Hence, so does H .
Using (2.2) and the Cartan homotopy formula
LR = dιR + ιRd (2.3)
we obtain
(dH +Hd)ω = µ∗τω − ω,
for any current ω. The lemma is proven.
Lemma 2.4. For any t > 0 the embedding S ′Ω•(Ut) →֒ D
′Ω•(Ut) is a homotopy equiv-
alence of complexes. In particular, the cohomology of the complex S ′Ω•(Ut) is equal to
the cohomology H•(Ut;C) of Ut.
Proof. By Lemma 2.3 it is enough to show that the embedding i : S ′Ω•(U1) →֒ D
′Ω•(U1)
is a quasi-isomorphism.
Let hs : U1 → U1, s > 0 denote the map defined by the formula
hs : x 7→
1 + s
1 + s|x|
· x.
Here |x| denotes the norm of the vector x ∈ Rn. Let h∗s : D
′Ω•(U1) → D
′Ω•(U1) denote
the corresponding pull-back. Then (cf. (2.2))
d
ds
h∗s(ω) =
1− |x|
(1 + s)(1 + s|x|)
h∗s(LRω), (2.4)
for any current ω. Note also that h∗s preserves the space of tempered currents.
Clearly, h0 is the identity map. The image of h1 : U1 → U1 lies in the compact set{
x ∈ Rn : |x| ≤ 2
}
.
Hence, h∗1ω is a tempered current for any ω ∈ D
′Ω•(Rn). Note also that h∗s preserves the
space of tempered currents for any s > 0. We will prove that the map h∗1 : D
′Ω•(U1) →
S ′Ω•(U1) is a homotopy inverse of the embedding i : S
′Ω•(U1) →֒ D
′Ω•(U1).
For any ω ∈ D′Ω•(U1), set
Hω =
∫ 1
0
1− |x|
(1 + s)(1 + s|x|)
h∗s(ιRω) ds.
Here, ιR denote the operator of interior multiplication by R.
Using (2.4) and (2.3) we obtain
(dH +Hd)ω = h∗1 ω − ω, ω ∈ D
′Ω•(U1). (2.5)
Thus the map i ◦ h∗1 : D
′Ω•(U1)→ D
′Ω•(U1) homotopic to the identity map.
